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The existence of nonnegative nontrivial solutions to the problem
N y 1
y0 q y9 q lq x f y s 0 .  .
x
y9 0 s y 1 s 0 .  .
 .is discussed when the function q x is allowed to be zero on a set of positive
w . w .measure and f : 0, ` ª 0, ` is continuous, strictly increasing, and allowing for
 .the case f 0 s 0. A description of the set of l's for which there is a solution is
obtained based on the properties of f. Q 1997 Academic Press
1. INTRODUCTION
This paper deals with the existence of nontrivial nonnegative solutions
of the problem
N y 1
y0 q y9 q lq x f y s 0 .  .
1x  .
y9 0 s y 1 s 0, .  .
1
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a problem intimately connected with the semilinear elliptic boundary value
problem
Du q lq x f u s 0, x g D .  .
2 .
ur­D s 0,
where D is the open unit disk in R N. The connection is made via a result
w xof Gidas, Ni, and Nirenberg 7 which establishes conditions that ensure
 .that, under appropriate conditions, all nonnegative solutions of 2 are
radially symmetric.
These problems arise in a great variety of situations, the distinction
among them having to do mainly with the form and or properties of the
w xfunction f ; thus problems concerning fluid dynamics 1 , combustion
w xtheory 2]6 , etc., are possible applications of results concerning these
equations provided that the underlying assumptions allow for special
 .behavior forms of f i.e., superlinear, sublinear, exponential, etc. . We are
 .interested in classifying the set of l's for which 1 has nonnegative
 .nontrivial i.e., not identically zero solutions for a wide variety of types of
properties of f.
 . w .We also want to allow the coefficient function q: 0, 1 ª 0, ` to be
 .zero in a set of positive measure but not identically zero ; this is quite
reasonable since it occurs naturally in applications and is of special
interest since it has to be explicitly ruled out in previous work concerning
the existence of classical solutions to this problem when using the method
 w x .of super- and sub-solutions see 4, 8 , for example . The case when q
changes sign is also very interesting and we will study it in a sequel to this
paper.
 .2. THE CASE f 0 ) 0
The minimal assumptions that will be made throughout the paper are as
follows:
 .  . w .H q: 0, 1 ª 0, ` is continuous, not identically zero and1
 .  . 1 .  2yN .  . 1 .i If N ) 2, q t g L 0, 1r2 , t y 1 q t g L 1r2, 1 .
 .  . 1 .  .  . 1 .ii If N s 2, q t g L 0, 1r2 , q t ln t g L 1r2, 1 .
 . w . w .H f : 0, ` ª 0, ` is continuous and strictly increasing.2
 .We will assume for the rest of this section that f 0 ) 0.
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 .We rewrite 1 as
x Ny1 y9 9 q lq x x Ny1 f y x s 0 .  . . .
3 .
y9 0 s y 1 s 0. .  .
The Green's function for the boundary value problem
x Ny1 y9 9 s 0 .
y9 0 s y 1 s 0 .  .
 x  x w .is the function G: 0, 1 = 0, 1 ª 0, ` given by
1
2yNG x , t s x y 1 , 0 - t F x F 1 .  .
N y 2
1
2yNG x , t s t y 1 , 0 - x F t F 1, .  .
N y 2
if N ) 2,
or
G x , t s yln x , 0 - t F x F 1 .  .
x , t s yln t , 0 - x F t F 1, .  .
if N s 2
 .  .   . .THEOREM 2.1. If H and H hold and f 0 ) 0 , then there exists1 2
 .  .l ) 0 such that if 0 - l - l then 1 has a nontri¨ ial nonnegati¨ e0 0
solution.
Proof. We provide the argument only for the case N ) 2. The case
N s 2 is treated in a completely similar way.
w x   .Let X s C 0, 1 with supremum norm and K s f g X : f t G 0 for all
w x4t g 0, 1 .
Define T : K ª K by
1 Ny1T w x s l G x , t t q t f w t dt , 0 F x F 1. 4 .  .  .  .  .  . .H
0
 . .Note that T w 0 is to be understood as an improper integral in some
special cases.
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For any number a we denote by a the constant function with that value.
Then, for a ) 0,
l f a . 1 2yN Ny1T a 0 s t y 1 t q t dt 5 .  .  .  .  .HN y 2 0
and hence, if l ) 0 is sufficiently small, we get
T a 0 - a. 6 .  .  .
 .Notice that T a is a solution of the boundary value problem
x Ny1 y9 9 s yl x Ny1q x f a .  . .
7 .
y9 0 s y 1 s 0. .  .
 .Integrating 7 yields
x
Ny1 Ny1x y9 x s yl t q t f a dt F 0, 0 F x - 1 .  .  .H
0
 . .  . . w x  .and hence T a x F T a 0 - a for all x g 0, 1 and l such that 6
holds. Since f is increasing, T is a monotone increasing map relative to the
 n .4`cone K and so the sequence of functions T a is a monotone,ns1
pointwise increasing, bounded above by the function a and below by the
w x  .function 0, so it converges pointwise on 0, 1 to a limit y g K. By 4 ,Ã
1n Ny1 ny1T a x s l G x , t t q t f T a t dt , 0 F x F 1. .  .  .  .  .  . .  . .H
0
Letting n ª ` and using the bounded convergence theorem we get
1 Ny1y x s l G x , t t q t f y t dt , 0 F x F 1. 8 .  .  .  .  . .Ã ÃH
0
It can be verified by direct differentiation that y satisfies the secondÃ
w xorder differential equation, hence y is not identically zero on 0, 1 .Ã
 .Furthermore, y 1 s 0.Ã
 .Now we show that y9 0 exists and is zero. We haveÃ
Ny2
xy x y y 0 l t t .  .Ã Ã
s y 1 q t f y t dt , 0 - x - 1 .  . .ÃH  /x N y 2 x x0
so
xy x y y 0 l f y 0 .  .  . .Ã Ã Ã
F q t dt .Hx N y 2 0
 . 1 .and so y9 0 s 0 since q g L 0, 1r2 .Ã
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 .  .Obser¨ ations 2.2. i Since any l ) 0 for which 2.4 holds is an eigen-
w xvalue, it follows that if l ) 0 is an eigenvalue, then the interval 0, l
 .consists of eigenvalues where, for l s 0 we use 0 as an eigenfunction .
Moreover, if
r
lim s ` 9 .
f rrª`  .
then any positive real number is an eigenvalue.
 .  . w .ii It is not difficult to prove that if rrf r is bounded on 0, ` then
w xthe eigenvalues form a bounded interval 5 .
 .3. THE CASE f 0 s 0
For each e ) 0 we consider the boundary value problem
N y 1
y0 q y9 q lq x f y q e s 0 .  .
10x  .
y9 0 s y 1 s 0. .  .
 .Let l ) 0 be an eigenvalue of 10 , for some e ) 0. Then for any0
 .  .e g 0, e , l is an eigenvalue of 10 ; we fix this value of l for the0
 .remainder of this section. We denote by c a any corresponding eigen-e
function and define T K ª K bye :
1
T f x s l G x , t q t f f t q e dt , f g K , 0 F x F 1. .  .  .  .  . .He
0
11 .
 .For convenience, we extend f to R by defining f y s 0 if y - 0 and
 .hence we can use 11 to define T : X ª K.
  .  . 4Pick B : t g 0, 1 : q t ) 0 such that it is closed and has positive
Lebesgue measure. Let
A s min G x , t q t t Ny1 dt ) 0. .  .H
xgB B
Notice that our assumptions together with the form of the Green's
function assure us that many such sets B exist and we have some choice
.in this matter . We have
T 0 G 0,e
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 n .4`so that the sequence T 0 is a nondecreasing sequence in K, boundedns1
below by 0 and above by c , so it converges pointwise to a function f g Ke e
which satisfies
f s T f .e e e
 .and f is the minimal solution of 10 .e
 . THEOREM 3.1. Let l be an eigen¨alue of 10 for some e ) 0 as0
.  .assumed abo¨e . Suppose that f is differentiable on 0, ` and that there exists
 .d ) 0, a ) 0 such that f h ) hrl A for 0 - h - d and
1
0 - a F inf h ) 0 : f 9 h s . . 5l A
 .Then l is an eigen¨alue of 1 .
Proof. We have
1 Ny1T 0 x s l G x , t t q t f e dt .  .  .  .  .He
0
G l f e G x , t t Ny1q t dt , 0 F x F 1. .  .  .H
B
Thus
min T 0 x G l Af e . .  .  . .e
xgB
For n ) 1 we get
1n Ny1 ny1T 0 x s l G x , t t q t f T 0 t q e dt .  .  .  .  .  . .He e
0
G l G x , t t Ny1q t f T ny1 0 t q e dt .  .  .  . .H e
B
G l Af e q min T ny1 0 x . .  . .e /
xgB
Hence, denoting
b s min T n 0 x , n G 1, .  . .e , n e
xgB
we get
b G l Af e ) 0 .e , 1 12 .
b G l Af e q b , n G 2. .e , n e , ny1
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w x  n . .4`For each x g 0, 1 , T 0 x is nondecreasing and hence b Ge ns1 e , nq1
n . .  .b , n G 1. Furthermore, since T 0 x F f x , 0 F x F 1, the nonde-e , n e e
 4`creasing sequence b is bounded above and therefore must con-e , n ns1
verge; we denote its limit by by.e
 .From 12 ,
by G l Af e q by , 0 - e F e . 13 . .e e 0
Now consider the function
g j s j y e y l Af j , j G 0. .  .e
Observe that
g 0 - 0 .e
and
g j y g 0 f j .  .  .e e s 1 y l A - 0 for 0 - j - d , 14 .
j j
 .by our hypothesis. Furthermore, by 13 ,
g by q e s by y l Af by q e G 0. 15 . .  .e e e e
 .  .  .From 14 , 15 , and the fact that g 0 - 0 it follows that there exists ce e
between 0 and by q e such thate
gX c s 0. .e e
Thus
1 y l Af 9 c s 0 .e
and so
a F c - by q e .e e
It follows that we must have that
a a
yb ) , 0 - e - e s min , e .Ãe 0 52 2
 .  .  4`For 0 - e - e F e we have f x F f x , 0 F x F 1. Let e beÃ2 1 e e n ns12 1
 x w x   .4`a sequence in 0, e decreasing to 0. For each x g 0, 1 , f x con-Ã e ns1n
 .  .  .verges to a limit f x . By 16 , f x is bounded below on B by ar2, so it
is not identically zero. Since
1 Ny1f x s l G x , t t q t f f t q e dt , .  .  .  . .He en n
0
0 F x F 1, n s 1, 2, . . . ,
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letting n ª ` we obtain, by the monotone convergence theorem, that
1 Ny1f x s l G x , t t q t f f t dt , 0 F x F 1. .  .  .  . .H
0
From this we deduce that f satisfies the second order differential
 .  .equation. It is obvious that f 1 s 0. We deduce as before that f9 0
 1 ..exists and is zero using the fact that q g L 0, 1r2 . Thus f is an
eigenfunction corresponding to l.
Obser¨ ation. In the discussion above, we notice that there is a great
deal of freedom in the choice of the set B. We intend to explore in future
work the question of searching for an optimal set, whenever possible.
 .COROLLARY 3.2. Suppose that q satisfies H . Then for any l ) 0 and1
 . w x w .g g 0, 1 there exists f g C 0, 1 , positi¨ e in 0, 1 , satisfying
N y 1
gy0 q y9 q lq x y s 0, 0 - x - 1, .
x
y9 0 s y 1 s 0. .  .
 .COROLLARY 3.3. Suppose that l is an eigen¨alue of 10 for some e ) 00
 .  .and l ) 1rf 9 0 A. Then l is an eigen¨alue of 1 .
 .  .COROLLARY 3.4. If f 9 0 s ` and if l is an eigen¨alue of 10 for some
 .e ) 0 then l is an eigen¨alue of 1 .0
  ..   . .COROLLARY 3.5. If lim sup yrf y s ` then 1rf 9 0 A, ` is con-y ª`
tained in the set of eigen¨alues.
  ..  . w .COROLLARY 3.6. If lim sup yrf y s ` and f 9 0 s ` then 0, `y ª`
 .is the set of nonnegati¨ e eigen¨alues of 1 .
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